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We write Zd for the product of d copies of the integers, Z, considered as 
a lattice group under the pointwise order and algebraic operations. Let 
0 := (0, . ..) 0) and e:=(l)..., l)~Zd Let N=(Ni ,..., Nd)~Zd and N>e, 
and let 
If x, y E Zd and x < y, we write [x, ,v] for the segment 
{z:zEzd,xdz~y} 
(so that X= [0, N]). If XE X, we write Fx := [x, x+ e] n X. (The “P” 
stands for “following”.) 
Let f: X -+ Zd. We say that x E X is an almost-fixed-point off if 
In this paper, we show how some fixed-point theorems from (nonlinear 
functional) analysis can be used to obtain almost-fixed-poi:nt theorems for 
functions from X into Zd and fixed-point theorems for segment-valued mul- 
tifunctions from X into 9(Zd). Our main results are Theorems 1 and 4. 
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Theorem 1 uses generalizations of Brouwer’s fixed-point theorem due to 
Halpern and Bergman which imply that if 3 is a compact convex subset of 
Rd and g: E+ [Wd is a continuous map that satisfies certain boundary 
conditions then 3 5 E E such that g(5) = 5. Theorem 1 also uses a result of 
Halpern and Bergman that implies, under certain conditions, that g(E) 3 .Z. 
Theorem 4 uses generalizations of Kakutani’s fixed-point theorem due to 
Browder which imply that if E is a compact convex subset of IWd and 
T: E + 9’(!Rd) is an upper semicontinuous multifunction that satisfies 
certain boundary conditions then 3 5 E s” such that c E T(5). Theorem 4 also 
uses a result of Lasry and Robert that implies, under certain conditions, 
that T(8) I E (T(E) := UeaaT(S)). 
We point out in Lemmas 5 and 6 that Theorem 4 is a (probably strictly) 
stronger result than Theorem 1. We have included an independent proof of 
Theorem 1, since it has a totally different “feel” from the proof of 
Theorem 4, and many people are more comfortable with continuous single- 
valued functions than upper semicontinuous multifunctions. In [S], there 
is a unified treatment (using Brouwer’s theorem) of all the fixed-point 
theorems quoted in this paper. 
We prove in Theorem 1 that iff: X--f Zd and f satisfies certain boundary 
conditions then f has an almost-fixed-point. The boundary conditions are 
automatically satisfied if f: X -+ X. In Theorem l(b), we also prove a result 
on “almost surjectivity.” 
It would be interesting to find a simple, direct proof of, say, 
Theorem l(c) since, as we show in Theorem 2, Theorem (l(c) implies 
Brouwer’s fixed-point theorem. In this connection, we refer the reader to 
the paper of Quilliot [4]. It would also be interesting to know if there are 
any generalizations of Theorem l(c) to the more abstract situations 
considered in [4]. 
We prove in Theorem 4 that if, Vx E X, S(x) is a segment in Zd, 
x, yCYand Ix-y1 de =- S(x)nS(y)#@ 
and S satisfies certain boundary conditions then 3 x E X such that x E S(x). 
(Let S(x) = [I(X), r(x)].) These boundary conditions are automatic if 
S(X) c X. In Theorem 4(b) we also prove that S(X) 2 X. 
In Theorem 7, we show that Theorem 4 leads to “best possible” 
generalizations of a result of Quilliot on (graph-theoretic) k-homomor- 
phisms. 
This paper arose originally from an idea of Gerd Rode. This work was 
done while the second author was visiting the university of Lyon and the 
University of Limoges, which he wishes to thank for their hospitality. He 
would also like to express his gratitude to Maurice Pouzet for some very 
stimulating discussions. 
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We write Rd for the product of d copies of the reals, R, which we also 
consider as a lattice under the pointwise order. Let 
If (EE, we write L4_1 for the element of X obtained by rounding down 
each co-ordinate of 5, r<] for the element of X obtained by rounding up 
each co-ordinate of 5, and A, for the segment [Ltj, [<]I. (The “A” stands 
for “approximations to”,) We write “conv” for “convex hull of.” 
THEOREM 1. Let f: X -+ Zd. Suppose that one of (a)-(c) is satisfied. Then 
3 x E X such that l\f(F,) < x < j/f(~~). (1.1) 
If(b) is satisfied then, in addition, 
VYEX, 3 x~X.such that f\f(FX)<Y<Vf(FX) (1.2) 
(a) Vjg {l, . . . . d> and XEX, 
xj=O*fj(X)>O and x~=N~=>~;(x)<~,. 
(b) ‘dj~ (1, . . . . d} andxEX, 
xj=O*fj(x)dO and xj=iVjafj(x)>Nj. 
(c) f:X+X. 
ProoJ: (a) We define p: XxZ+ [0, I] by 
P(Y2 5):= fi (l-ltj-Yjl)+, 
j=l 
where y = (vi, . . . . Yd) E x and 5 = (tl, . . . . &,) E E. Then, 
V[EE, c P(Yl5) = 1. 
YEX 
We define 7: E + Rd by 
Q5EZ, .7(r) := c f(Y)P(Y> 5). 
YeX 
Then 7is continuous. Ifje (1, . . . . d} and cj6 Z then, from (1.3), 
YEJ’andp(y, 5)>0 * Itj-YjI < 1 * Yj=tj; 
(1.3) 
(1.4) 
(1.5) 
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hence, from (1.4) and (1.5), y(c) E conv { f( y ): y E X, y, = tj }. In particular, 
from the hypothesis of (a), 
and 
That is to say, V 5 E bd 2, the line from 5 to y(t) points into E. From the 
fixed-point theorem of Halpern and Bergman for inward maps ([2, 
Theorem 4.1, p. 356]-see also [5, Corollary 3.3, p. 1139]), 3 &EZ such 
thatf(t)=t. Let x:=LtJ. IfyEXandp(y,<)>O then, from (1.3), 
VIE { 1, . . . . d}, Xj<<j<Yj+ 1 and y,-1<5;<x,+l; 
hence, since xj E Z and yj E Z, 
trj~ (1, . . . . d}, xj<yj and yj<xj+ 1; 
i.e., 
From (1.4) and (1.5), 
YEF,. 
5 =7(t) E convf(FJ. 
Consequently, 
Statement ( 1.1) follows, since Af( -F,) E A’. 
(b) Arguing as in (a), 
and 
SEX and cj=Nj * A(E)a 
From the fixed-point theorem of Halpern and Bergman for outward maps 
([2, Theorem 4.3(l), p. 358]-see also [S, Corollary 3.3, p. 1139]), 3 5 EZ 
such that?(t) = 5; (1.1) follows as in (a) with x := Lt]. If ye X then, from 
the surjectivity theorem of Halpern and Bergman ([2, Theorem 4.3(2), 
p. 358]-see also [S, Theorem 3.4, p. 1140]), 3 5 E Z such that f(t) = y; 
(1.2) follows as in (a) with x := Ltd. 
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(c) This is immediate from (a). Since, in this case,r: ,5+ 3, we could 
also appeal directly to Brouwer’s fixed-point theorem. 
We emphasize that, in the next theorem, g is not required to be 
continuous. If g is continuous, we can obtain Brouwer’s fixed-point 
theorem by letting n + co. 
THEOREM 2. Let g: [0, IId--+ [0, 1-J’. Then, V nE N, 3 (E [0, 11” such 
that 
where 
B,:={r:9~[O,l]~,~~yld5+l/n). 
ProoJ We define f: (0, . . . . njd+ (0, .,., n}dby 
fW=MMl. 
We find x as in Theorem l(c) and then define 5 :=x/n. 
We leave it to the reader to verify the following simple lemma. 
LEMMA 3. V 5 E E, 3 6 > 0 such that 
r/ES and VIE (1, . . . . dl, Iqj- tjI < 6 * A, 3A,. 
We caution the reader that the multifunction T defined below does not, 
in general, have a continuous selection. (Take d = 1, N, = 2, I(0) = r(0) = 
Z(l)=O, and r(1)=1(2)=42)=2.) 
THEOREM 4. Let I: X -+ Zd, Y: X + Zd and suppose that 
x,y~Xand /x-y/ <e * I(x)Gr(y). (4.1) 
If one of (a)-(c) is satkjied then 
3 x E Xsuch that l(x) <x d Y(X). (4.2) 
Zf (b) is satisfied then, in addition, 
V y E X, 3 x E Xsuch that Z(x) <y < r(x). (4.3) 
(a) Vlj~ { 1, . . . . d) and XEX, 
xj=o*rj(x)20 and xj=Nj~zj(x)<Nj. 
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(b) Vj~{l,...,d} andxeX, 
xj=o=dj(x)<o and xj=Nj*rj(x)>Nj. 
(c) 1:X+Xandr:X+X. 
Proofs. (a) From (4.1), if t E E and X, y E A, then I(X) <r(y). Thus 
V 4At) G A r&). 
Let T(r) := (0: 0 E iWd, V ,!(A,) < 8 d A r(A,)}. From Lemma 3, the 
multifunction T is uppersemicontinuous and, V 5 E E, T(t) is a nonempty 
compact, convex subset of [Wd. Let 5 ~3, and write 2 := {j: cj= 0} and 
W := {j: cj= Nj}. IfjE2 then, 
VxeAt,xj=O, from which rj(x) 2 0. 
ThusjEg*Arj(A,)>O. Similarly,jE&!*VVj(A5)<Nj. Wenow define 
VET(~) by 
qj := A rj(Ae) ifjE P’ and vi := V fj(A,) otherwise. 
Then 
That is to say, the line from 4 to q points into E. From Browder’s fixed- 
point theorem for inward multifunctions [2, Theorem 3, pp. 286288]-see 
also [S, Theorem 3.1, pp. 113881139]), 
3 t E 3 such that 5 E T(l); 
hence, V XE A,, Z(x) < t 6 r(x). The result follows with x := LT J. 
(b) The proof of this is very similar to that of (a), only using 
Browder’s fixed-point theorem for outward multifunctions [2, Theorem 5, 
pp. 288]-see also [S, Theorem 3.1, pp. 1138-11391) or the surjectivity 
theorem of Lasry and Robert [3, thtoreme 10, p. 1437]-see also 
[S, Theorem 3.4, p. 11401). 
(c) This is immediate from (a). Since, in this case, V 5 E E, T(t) c Z, 
we could also appeal directly to Kakutani’s fixed-point theorem. 
It is immediate from Lemma 5 that Theorem 4 generalizes Theorem 1 
and, conversely, from Lemma 6 that Theorem 4(c) can be deduced from 
Theorem l(c). It does not seem possible to use the argument of Lemma 6 
to deduce Theorem 4(a)-(b) from Theorem l(ak(b). 
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LEMMA 5. Iff:X+Z", I(x):=~\S(F,)and r(x):=Vf(FX), then (4.1) is 
satisfied. 
Proof: Let x,yEXand Ix-y1 <e. Then 
hence 
xv ~EF,~F~; 
0) Gf(x v Y) 6 r(v). 
LEMMA 6. Let I and r be as in Theorem 4(c) and g: X -+ X be defined by 
vyEX,g(y) :=Vl(Cy-e,ylnV. 
Zf x is an almost-fixed-point of g then I(x) <x <r(x). 
ProoJ Let y E FX. Then XE [y-e, y] n X; hence I(x) <g(y). Taking 
the inlimum over y, 
l(x) d /jdFJ 
If y E FX and ZE [y-e, y] n X then /z-xl de; hence, from (4.1), 
l(z) 6 Y(X). Taking the supremum over z, g(y) < r(x). Taking the 
supremum over y, 
v g(FJ d 4’~). 
The result follows, since 
/j dF,J 6 x d v s(FJ 
When u = v = (k, . . . . k) for some ke N, Theorem 7(c) represents a 
considerable generalization of a result on k-homomorphisms in 
[4, pp. 189-192-J. We note that (7.1) is then much weaker than the condi- 
tion used in [4] that 
x, yEXand Ix-y1 6e * If(x)-f(v)l6k. 
Hypothesis (7.1) is, in fact, the weakest possible in the following sense. Let 
d=l andN,=2k+l. Delinef:X-+Xby 
f(x) :=2k+l ifxdk and f(x) :=Oifx>k+l. 
Then 
1x-A d 1 =a If(x)-f(v)1 <2k+ 1, 
but 
VXEX, Ix-f(x)1 >k. 
Theorem 7(c) is a consequence of some remarks of Maurice Pouzet. 
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THEOREM 7. Let f: X -+ Zd. Suppose that u, v E N” and 
x,yEXand lx-y1 <e = If(x) -f(v)1 d 2.f + Il. (7.1) 
Suppose that one of (a)-(c) is satisfied. Then 
3 x E Xsuch that -1.4 <x-f(x) 6 v. 
Zf (b) is satisfied then, in addition, 
Vly~x, 3 xEXmch that -u<y-f(x)<v. 
(a) VIE { 1, . . . . d} and xeX, 
xj=o=fj(x)> -vj and xj=Nj=>jj(x)<Nj+uj. 
(b) VIE (1, . . ..d} andxEX, 
xj=oo~(x)a4j and Xj=N,-fj(X)>Nj-Vj. 
(c) f: x-+x. 
ProoJ Hypothesis (4.1) follows from (7.1) with I :=f- u and Y :=f+ v. 
The results follow from Theorem 4. 
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